Strain gradients develop near the crack-tip of Mode I or mixed-mode cracks.
Introduction
Conventional plasticity predicts that for a quasi-statically growing plane strain crack in an elastic-perfectly plastic solid in mode I, the maximum normal stress ahead of the tip is about 3 times the initial tensile yield stress, σ y [1] .
Even when strain hardening is taken into account, the normal stress is less than 4 − 5σ y [2] . The same trend also applies for mixed mode crack propagation.
Experiments on ceramic-metal interfaces have shown quasi-static crack growth of a crack along the interface in the presence of plasticity [3] [4] [5] [6] . In these studies, the interface crack remained relatively sharp (not significant blunting) and the estimated stress level needed to result in atomistic/microscopic decohesion is about 10 times the tensile yield stress [7] . However, as pointed out above, this stress level cannot be achieved near the crack tip according to models based on conventional plasticity. This is not an issue when fracture is associated with void nucleation, growth and coalescence because the ductile fracture mechanism is of the order of 10μm or more and the crack tip stresses are about 3-5 times the tensile yield stress [8] . However, for atomistic fracture processes (observed in the experiments mentioned) conventional plasticity cannot explain the stress levels necessary for atomistic decohesion. This discrepancy resulted in investigating the role of the plastic strain gradients in elevating the crack-tip stresses in Mode I [7] [8] [9] [10] [11] [12] . Wei and Hutchinson [13] and Wei et al. [14] have shown a large effect of the strain gradient dependent term on the crack-growth behaviour. Recently, Komaragiri et al. [15] (small strains) and Mikkelsen and Goutianos [16] (finite strains) investigated in detail the role of material length scales on crack-tip stress elevation in Mode I under plane strain using the phenomenological strain gradient plasticity theory of Fleck and Hutchinson [17] .
The numerical studies of crack-tip stresses, mentioned above, use different theories of strain gradient plasticity developed over the years after the first strain gradient plasticity theory introduced by [18] . Among the number of theories existing, the more widely used are the theories due to (a) Fleck and Hutchinson [17, 19] (higher order theory) and (b) due to Nix and Gao [20] and Gao et al. [21] (lower order theory). A critical assessment of these theories was recently performed by Evans and Hutchinson [22] . It was shown that in the later theory the size effects result in an increase in hardening whereas the initial yield is almost unaffected. The former theory predicts a significant increase in yield strength and little effect on strain hardening. Another basic difference 2 is that the lower order theory cannot be used to simulate passivate interfaces which require the imposition of higher order boundary conditions, i.e. plastic strain = 0 along the interface of two different materials. In the higher order theory this is possible due to new quantities mentioned in Section 2.
With these considerations and it's computationally efficiency, the phenomenological theory of Fleck and Hutchinson [17] is used here. As in our previous work for blunted crack-tips [16] , a broad range of material parameters (length scales) are systematically varied to determine the range where the gradient plasticity theory is necessary to describe the crack-tip stresses under plane strain conditions. The focus of the current work is on mixed mode crack-tip fields. However, some results for a Mode I sharp crack will be first presented.
Strain Gradient Plasticity Model
The material behaviour is modeled by a finite strain generalisation [23] of the strain gradient plasticity theory of Fleck and Hutchinson [17] . An updated Lagrangian formulation based on the work of McMeeking [24] and Yamada [25] is adopted. A comprehensive description of the reformulated strain gradient plasticity theory of Fleck and Hutchinson [17] can be found elsewhere [17, 23, 26] .
Thus, only the basic features of the theory will be presented here in order to show mainly the role of the individual length scales.
A standard power-law hardening is used with the hardening modulus, h, and the tangent modulus, E t given by:
where E, σ y , and n denote the Young's modulus, the initial yield stress, and the hardening exponent of the material, respectively. In contrast to the where latin indices range from 1 to 3 and repeated indices denote summation.
The dotted terms denote incremental quantities whereas terms with () ,i are partial derivatives with respect to the coordinate x i .
The incremental principle of virtual work can be stated as [17] :
where ε e ij is the elastic strain. The term Q is the work conjugate to the effective plastic strain, ε p , and its incremental form is given in Eq. 4. The higher order stress, τ i , is work conjugate to the gradient of the effective plastic strain, ε p ,i . The traction and higher order traction on S are denoted by T i and t, respectively.
, elastic deformation (4)
Finite Element Implementation
The above material model is implemented in a Fortran finite element code.
In the finite element implementation, in addition to the nodal displacement increments,Ḋ n , the nodal effective plastic strain increments,ε p n , are taken as independent unknowns. The displacement increments,u i , and the effective plastic strain increments,ε p , are then: 
The element is integrated using 2x2 Gauss points. This combination is used to avoid locking in the shear dominated part near the crack-tip and spurious zero energy modes in the effective plastic strain. Different interpolation schemes were also tried using i.e. m = l = 8 with 3x3 integration points giving significant locking in the effective plastic strain.
Using Eq. 5 in the principle of virtual work, the discretised equations can be obtained [23] :
where K e is the elastic stiffness matrix, K ep is a matrix of dimension force and K p is a matrix of dimension energy. The conventional external incremental force vector isḞ 1 andḞ 2 is the incremental higher order force vector. The second term in the right-hand side represents the equilibrium correction vector where C 1 is the standard force equilibrium term and C 2 is the equilibrium term related to the increments of the effective plastic strain. In the current implementation C 2 ≡ 0. The expressions for all terms can be found in [23] . 
Model
A semi-infinite crack is modeled a) in a homogeneous elastic-plastic solid under plane strain conditions for Mode I simulations, and b) along the interface of an elastic-plastic solid and a rigid solid for mixed mode computations. Thus, in both cases only the upper half plane is modeled as can be seen in Fig. 1a with appropriate boundary conditions as explained later in this section.
For finite deformation analysis the crack is assigned a finite curvature. More specifically, the crack-tip is an ellipse with semi-axes α and γ (see Fig. 1b ). In the boundary layer analysis the ratio γ/α is 0.05 and α is equal to 10
where R is the distance from the crack-tip to boundary at which the tractions are applied. For loadings causing severe crack-tip blunting the solution does not depend on the initial crack geometry (a number of ratios γ/α ranging from 1.0 to 0.01 were initially tried). The obtained solutions, thus, may be interpreted as those corresponding to an initially sharp crack. An illustration of the mesh near the crack-tip is given in Fig. 1c to show the mesh density.
Boundary Conditions
For Mode I simulations, symmetry displacement boundary conditions are applied along the symmetry line (0 ≤ x 1 ≤ R, x 2 = 0) in front of the crack-tip (Fig. 1a) . Along the same boundary, no restriction is imposed on p which implies that the higher order stresses are equal to zero along this line. In mixed mode computations, p = 0 along the line in front of the crack-tip assuming that dislocation motion is blocked by the rigid solid (passivated surface).
Mode I
In Mode I, a K I field is prescribed through displacements in the x-and y-directions at distance R from the crack-tip:
where G denotes the shear modulus of the material and k = 3 − 4ν for plane strain, and ν is the Poisson's ratio.
Mixed Mode
For mixed mode small scale yielding, the tractions along the interface are given by two stress intensity factor components K 1 and K 2 :
where r is the distance from the crack-tip and is the oscillation index:
and β is the second Dundur's parameter
are the Young's modulus and Poisson's ratio of the rigid solid, respectively. The magnitude of the stress intensity factors is:
If L is a reference length characterising the remote field, then a mode mixity measure, ψ, which depends on L is:
From Eqs. 9 and 13 it can be seen that L measures the relative ratio of shear to normal stress at distance r = L on the interface [28] according to the elastic solution. The displacement field for the singular field in the elastic-plastic solid is then:
where the ψ dependence on r is given by:
In the simulations the displacements u 1 and u 2 are controlled at the boundary (r = R) through Eq. 14. Similar to Tvergaard and Hutchinson [28] an alternative measure of mode mixity, ψ p , is defined based on reference length, R p , which gives the approximate plastic zone size. The relation between ψ and ψ p is given by:
where the plastic zone size, R p , is:
The applied loading is, thus, given by R p (through |K|), ψ and L. For the case of Mode I, R p is defined by Eq. 17 with |K| replaced by K I . The phase angle, ψ p in Eq. 16 is a measure of the near-tip mode mixity [29] .
Results and Discussion

Mode I
As mentioned the Mode I case has been studied in great detail by Komaragiri et al. [15] (small strains -sharp crack) and Mikkelsen and Goutianos [16] (finite strains -blunted crack). The mean stress (σ m = (σ 11 + σ 22 + σ 33 )/3) at a fixed distance equal to 0.1%R p and θ = 0 o ( [15] ) is plotted in Fig. 2 as function of the material length scales ( 1 = 2 = 3 = ) for various strain hardening exponents, n. Three distinct regions can be identified: a) for small length scale, , the solutions converge to conventional plasticity predictions which strongly depend on the strain hardening exponent [30] , b) for large the solutions approach the elastic solution which of course is independent of n and c) in between these two regions is the area where strain gradient plasticity has a profound effect (approximately for 10 −3 ≤ /R p ≤ 1, depending on n) in elevating the mean stress. The same trend has been shown for σ θθ , (θ = 0 o ) by [16] .
In addition to the mean stress ahead of the crack-tip, two additional measures are introduced to compare the effect of the material length scales on the crack-tip fields. The first one is the conventional plastic energy [17] :
In the present work, the conventional plastic energy was preferred over the higher order plastic energy. The theory of Fleck and Hutchinson [17] , used here, does not guarantee higher order positive plastic work [31, 32] . Thus, although the (total) higher order plastic energy was always found positive in the calculations, the conventional plastic energy, which is ensured to be positive, is preferred. The second measure is the commonly used crack opening displacement, δ, defined in Fig. 1b [33, 34] . It should be noted that δ is defined here as half the crack opening for Mode I in contrast to the standard definition of total crack opening. Since the same measure is used later for the mixed mode cases the definition of Fig. 1b is preferred for the purposes of the current work.
The normalised conventional plastic energy as a function of the material length scales for the same material properties and loading as in Fig. 2 is displayed in Fig. 3 . The corresponding graph for the crack opening displacement is given in Fig 4. The same trend as in Fig. 2 can be seen. There is a smooth transition from the J2 conventional plasticity solution to the elastic solution and this transition occurs approximately for 10 −3 ≤ /R p ≤ 1. It should be emphasised that although the stress field approaches the elastic solution for large length scales as shown in Fig. 2 , that it does not mean that the material is not yielding [16] . The gradient dependent terms, which result in the stress elevation near the crack tip, are active only in the presence of plastic strain gradients.
Thus, for large material length scales, the plastic deformation at the crack tip is suppressed (see Fig. 3 ) by the gradient dependent terms resulting in an essential linear elastic response. In Fig. 3 the conventional plastic energy, Q ε p , is normalised with the strain energy Φ HRR (R p ) within a semi-circular region of radius R p centred at the crack-tip in case of Hutchinson-Rice-Rosengren (HRR) singular plane strain field in a power law material described by a Ramberg-Osgood curve [35] :
where the dimensionless constants S n and I n depend only on n, and J is the J-integral. Similarly, the crack opening displacement, δ, is normalised with half the crack-tip opening displacement 2δ HRR given by:
where the dimensionless constants D n depends only on n.
A number of experimental techniques have been used to measure the length scale parameters such as nanoindentation [36] , torsion [37] and microbend [38] .
Alternatively, it is envisaged that the material length scales can be inferred by comparing numerical results such as of Fig. 4 with experimental near crack-tip opening profiles using techniques as in [39] .
Next in Fig. 5 the role of the individual length scale parameters in suppressing the plastic deformation at the crack-tip is examined for a fixed strain hardening exponent (n = 5). It can be seen that for a given length scale (in the range where has an effect) the case = 2 gives a smaller effect (increased conventional plastic energy) than = 3 . It is interesting to observe that for /R p < 0.04 the case = 1 suppresses plastic deformation more the = 2 .
With increasing /R p the difference decreases and for /R p > 1 the case = 1 is almost identical to the = 3 . The case where all the length scales are equal to each other, 1 = 2 = 3 = , displays the largest strain gradient effects than the other three cases where only one length scale is present. As demonstrated above and in the previous works [15, 16] , the large plastic deformation gradients in the crack-tip region increase the amount of plastic flow resistance and hence lower the amount of plastic deformation in this region. This is shown in more details in Figs. 8 and 9. Fig. 8 shows the normalised stress, σ m /σ y , along the symmetry line in front of the crack-tip (see Fig. 1c) for two /R p ratios and four different material length scale combinations. The /R p = 0.01 ratio corresponds to the case where the strain gradient dependent terms start to influence the stress field around the crack-tip (see Fig. 5 ). As /R p increases to 0.25 the strain gradient terms dominate and prevent plastic deformation to develop (Fig. 5 ) and therefore the stresses in front of the cracktip approach the elastic solution.
Mixed Mode
The results for the conventional plastic energy as a function of the mode mixity, ψ p , for various material length scales (for 1 = 2 = 3 = ) are presented in Fig. 11 . The elastic-plastic solid / rigid solid interface is modeled as a passivated layer where the plastic strain vanishes [22] . Previous numerical and experimental studies using conventional plasticity theory (i.e. [28, 40, 41] ) have demonstrated the strong mixed mode effect on toughness when plastic deformation occurs at the crack-tip in at least one of the materials joined across the interface. The same effect can be seen also in Fig. 11 Fig. 13b for /R p = 0.01, and 1.0, respectively. As it was the case for pure Mode I (see Fig. 9 ) a large incorporated length scale results in large plastic deformation gradients in the crack-tip region, resulting in larger gradient dependent generalised effective plastic strains, E p . This increases the plastic flow resistance which result in smaller plastic deformation in this region as can also be seen in Fig. 11 . of R p ) is higher for a lower /R p ratio, the overall stress level increases with increasing /R p in accordance with Fig. 11 . Thus, it can be argued that the conventional plastic energy (11) is in this case a better measure of the effect of the length scales than the peak (mean) stress based on a single value. • The size of the yielding region ahead of the crack-tip (θ = 0 o ) decreases as the material length scales are becoming large compared to the plastic zone. However, the overall plastic zone shape is not significantly changed.
The large differences observed for Mode I and mixed mode cracks as /R p increases are mainly due to the magnitude of the plastic deformation gradients.
• For both Mode I and mixed mode cracks when all the material length scales are included ( i = 0, i=1,2,3) the strain gradient effects are significantly higher than when only one material length scale is included.
• Similar to J2 plasticity, as the mode mixity increases, the plastic energy is also increasing for fixed material length scales. The effect of the strain gradients is larger for small mode mixities (ψ p → 0 o ). 
J2 flow theory elastic x Investigation of Mode I and mixed mode cracks using strain gradient plasticity. x A large strain finite element model (Hutchinson-Fleck theory) was developed.
x The length scale where a strain gradient plasticity is necessary was identified.
x The plastic zone size and shape dependence on the length scales was shown.
